The purpose of this paper is to introduce the notions of -type contractions and -type Suzuki contractions and to establish some new fixed point theorems for these two kinds of mappings in the setting of complete metric spaces. The results presented in the paper are an extension of the Banach contraction principle, the Suzuki contraction theorem, and the Jleli and Samet fixed point theorem. As an application, we utilize our results to study the existence problem of solutions of nonlinear Hammerstein integral equations.
Introduction and preliminaries
Let (X, d) be a complete metric space and T : X → X be a mapping. If there exists k ∈ (, ) such that for all x, y ∈ X, d(Tx, Ty) ≤ kd(x, y), then T is said to be a contractive mapping. In , Polish mathematician Banach [] proved a very important result regarding a contraction mapping, known as the Banach contraction principle. It is one of the fundamental results in fixed point theory. Due to its importance and simplicity, several authors have obtained many interesting extensions of the Banach contraction principle (see [-] and the references therein).
In , Suzuki [] proved the following generalized Banach contraction principle in compact metric spaces.
Theorem . []
Let (X, d) be a compact metric space and T : X → X be a mapping. Assume that, for all x, y ∈ X with x = y,
Then T has a unique fixed point in X.
In , Jleli and Samet [, ] introduced the following notion of a θ -contraction. (  ) θ is non-decreasing; (  ) for each sequence {t n } ⊂ (, ∞), lim n→∞ θ (t n ) =  iff lim n→∞ t n = ; (  ) there exist r ∈ (, ) and l ∈ (, ∞] such that lim t→ +
θ(t)-
t r = l; (  ) θ is continuous.
In the sequel we denote by the set of all functions satisfying the conditions (  )-(  ). By using the notion of a θ -contraction, Jleli et al. [] proved the following fixed point theorem. Since θ (t) = e √ t ∈ , t > , by passing it to the above inequality, we arrive at
where k = √ λ. It follows from Theorem . that T has a unique fixed point in X.
From Theorem . it is natural to put forward the following open question.
Open question
Could we obtain some fixed point theorems for θ -contractive mappings without the conditions (  ) and (  )?
In order to give an affirmative answer to this open question, we first analyze the conditions (  ) and (  ).
It is easy to see that the condition (  ) is so strong that there exist a lot of functions which satisfy the conditions (  ), (  ), and (  ) but they not the condition (  ). For example, we can prove that the function θ (t) = e e - t p , p >  satisfies the conditions (  ), (  ), and (  ), but, for any r > , 
Proof () (Necessity) If lim k→∞ θ (t k ) = , then we claim that the sequence {t k } is bounded. Indeed, if the sequence is unbounded, we may assume that t k → ∞, then for every M > , there is k  ∈ N such that t k > M for any k > k  . Hence we have θ (M) ≤ θ (t k ), and so
which is a contradiction with θ (M) > . Therefore {t k } is bounded. Hence there exists a subsequence {t k n } ⊂ {t k } such that lim n→∞ t k n = α (some nonnegative number). Clearly
) for all n ≥ n  . As θ is nondecreasing, we deduce that θ ( 
The conclusion of Lemma . is proved.
In the sequel, we denote by˜ the set of functions θ : (, ∞) → (, ∞) satisfying the following conditions: (  ) θ is non-decreasing and continuous;
Examples of functions belonging to˜
It is obvious that the following are examples of the functions belonging to˜ :
Based on the above argument, now we are in a position to give the following definition.
Definition . Let (X, d) be a complete metric space and T : X → X be a mapping.
() T is said to be a θ -type contraction, if there exist k ∈ (, ) and θ ∈˜ such that
T is said to be a θ -type Suzuki contraction, if there exist k ∈ (, ) and θ ∈˜ such that for all x, y ∈ X with Tx = Ty,
The purpose of this paper is to prove some existence theorems of fixed points for θ -type contraction and θ -type Suzuki contraction in the setting of complete metric spaces. The results presented in the paper improve and extend the corresponding results in Banach [], Suzuki [], Jleli and Samet [, ]. As an application, we shall utilize our results to study the existence problem of solutions for a class of nonlinear Hammerstein integral equations.
Existence theorems of fixed point for θ -type Suzuki contractions and θ -type contractions
In this section, we are going to give some existence theorems of fixed point for θ -type Suzuki contractions and θ -type contractions.
Theorem . Let (X, d) be a complete metric space and T : X → X be a θ -type Suzuki contraction, i.e., there exist θ ∈˜ and k ∈ (, ) such that for all x, y ∈ X with Tx
then T has a unique fixed point z ∈ X and for each x ∈ X the sequence {T n x} converges to z.
Proof Let x be an arbitrary point in X. If for some positive integer p such that
then T p- x will be a fixed point of T. So, without loss of generality, we can assume that
Therefore,
Hence from (.), for all n ≥ , we have
This implies that
which is a contradiction with k ∈ (, ). Hence, from (.) we have
. This together with inequality (.) yields 
So, we have
It follows from (.) and the above inequality that
From (.) and (.), we can choose a positive integer n  ≥  such that
So, from the assumption of the theorem, we get
Substituting (.) into (.), then letting n → ∞ and by using the condition (  ) , (.), (.), we get
This is a contradiction. Therefore {T n x} ∞ n= is a Cauchy sequence. By the completeness of (X, d), without loss of generality, we can assume that {T n x} ∞ n= converges to some point z ∈ X, i.e.,
Now, we claim that
Suppose to the contrary that (.) is not true. Therefore the following inequality is also not true:
It follows from (.) and (.) that there exists an m ∈ N such that
This together with (.) shows that
, by the assumption of the theorem, we get
This is a contradiction. Therefore we have
Consequently, from (.) we have
Since k ∈ (, ), we have
Hence from condition (  ) and (.) we have
This together with (.) shows that
which is a contradiction. Therefore the inequality (.) is proved.
By the assumption of Theorem . and (.) we have, for every n ∈ N,
On the other hand, from (.) we know that T n x → z, hence we have
Letting n → ∞ in (.), and by using (.), (.), and the condition (  ) , we obtain
This is a contradiction. Hence, z = Tz, i.e., z is a fixed point of T. Now we prove that z is the unique fixed point of T in X. In fact, if z, u ∈ X are two distinct fixed points of T, that is Tz , u) , as follows from the assumption of the theorem, we obtain
This together with (.) shows that
which is a contraction. Hence we have u = v. This completes the proof of Theorem ..
Remark . Theorem . is a generalization and improvement of the main results in Suzuki [].
It follows from Definition . that if T : X → X is a θ -type contraction, then T : X → X is a θ -type Suzuki contraction. Hence from Theorem . we can obtain the following existence theorem of fixed point for θ -type contractions. Theorem . Let (X, d) be a complete metric space and T : X → X be a θ -type contractive mapping, i.e., there exist θ ∈˜ and k ∈ (, ) such that
then T has a unique fixed point z ∈ X, and for each x ∈ X the sequence {T n x} converges to z. This implies that T is a θ -type contractive mapping with k = √ λ. Therefore the conclusion of Corollary . can be obtained from Theorem . immediately.
The following corollary can be obtained from Corollary . immediately. 
Then T has a unique fixed point z and, for each x ∈ X, the sequence {T n x} converges to z.
We note that if p > , then θ (t) = e 
Application to nonlinear Hammerstein integral equations
As an application, in this section, we shall use the fixed point theorems proved in Section  to study the existence and uniqueness problem of solutions for some kind of nonlinear Hammerstein integral equations. Let us consider the following nonlinear Hammerstein integral equation:
where the unknown function x(t) takes real values.
Let X = C([, E]) be the space of all real continuous functions defined on [, E]. It is well known that C([, E]) endowed with the metric
is a complete metric space. Define a mapping T : X → X by
For x ∈ X, we defined x τ = max t∈ [,E] |x(t)|e -τ t , where τ ≥  is chosen arbitrarily. It is easy to check that · τ is a norm equivalent to the maximum norm · in X, and X endowed with the metric d τ defined by
is a complete metric space. where k = √ e -τ . Since τ ≥ , k ∈ (, ). Therefore the mapping T is a θ -type contraction. By Theorem ., T has a unique fixed point x * ∈ X, i.e., x * is the unique solution of the nonlinear Hammerstein integral equation (.) and, for each x ∈ X, the sequence {x n = T n x} converges uniformly to x * .
